We show how the relativistic effective field theory for the superfluid phase of 4 He can replace the standard methods used to compute the production rates of low momentum excitations due to the interaction with an external probe. This is done by studying the scattering problem of a light dark matter particle in the superfluid, and comparing to some existing results. We show that the rate of emission of two phonons, the Goldstone modes of the effective theory, gets strongly suppressed for sub-MeV dark matter particles due to a fine cancellation between two different tree-level diagrams in the limit of small exchanged momenta. This phenomenon is found to be a consequence of the particular choice of the potential felt by the dark matter particle in helium. The predicted rates can vary by orders of magnitude if this potential is changed. We prove that the dominant contribution to the total emission rate is provided by the phonons. Finally, we analyze the angular distributions for the emissions of one and two phonons, and discuss how they can be used to measure the mass of the hypothetical dark matter particle hitting the helium target. Introduction. The presence of dark matter is one of the most compelling evidences for physics beyond the Standard Model, but the question about its nature remains unanswered. Following the negative results of the searches for the so-called Weakly Interacting Massive Particles, more attention is being given to the study of models of dark matter with masses below the GeV, whose search requires new ideas and detection techniques [1-11] -for a review see e.g. [12] [13] [14] .
1 A somewhat similar effect is also observed in crystals, and it that the predicted suppression is due to a precise cancellation between two tree-level diagrams [21] , which occurs in the limit of small momentum transfers. This turns out to be the consequence of integrating out highly off-shell phonons.
We observe that this mechanism does not take place if the interaction between the dark matter and the bulk of 4 He happens via a coupling different from the simple number density. In this case the emission rate can be dramatically increased, leading to much stronger exclusion limits.
Comparing with the results obtained in [15, 16] , we also deduce that most of the contribution to the emission rate is due to final state phonons, with very little role played by higher momentum excitations like maxons and rotons.
Finally, we show how the angular distributions of the final state phonons encode information about the dark matter mass, and could be used to measure it. This is true for both the single and two phonon emissions.
Conventions: Throughout this paper we set = c = 1 and work with a metric signature η µν = diag(−1, 1, 1, 1).
Effective action and two-phonon emission. From the EFT viewpoint a superfluid like 4 He is a system characterized by a U (1) symmetry (particle number), whose charge Q is at finite density and is spontaneously broken. On top of that, a superfluid also breaks boosts and time translations, but preserves a combination of would be interesting to understand whether any relation exists [22] .
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them [23] . This symmetry breaking pattern can be implemented via a real scalar field ψ(x) which shifts under the U (1), ψ → ψ + a, and acquires a vacuum expectation value proportional to time, ψ(x) = µt. Its fluctuation corresponds to the superfluid Goldstone mode, the phonon π in ψ(x) = µt + c s µ/n π(x), wheren, c s and µ are respectively the equilibrium number density, the speed of sound and the relativistic chemical potential of the superfluid 2 . The coefficient has been chosen so that the phonon field is canonically normalized -see Eq.(1).
In [21] it was shown that, if the dark matter χ is a complex scalar charged under a new U d (1) group, and it couples to the superfluid number density through a massive scalar mediator, the interactions of interest read
The second line describes the phonon self-interactions, and the last one its interactions with the dark matter. Being this a low-energy EFT, it can only describe excitations at low momenta, q Λ = 1 keV, i.e. the phonons.
Other excitations like rotons and maxons cannot be included in this scheme. From now on we then require that the momenta of on-shell phonons never exceed Λ, and their energies never exceed c s Λ. All the effective couplings are determined solely by the superfluid equation of state -in the form P = P (µ) or c s = c s (P ) -which is experimentally known [24] . No input from the microscopic strongly coupled theory is needed. In particular, one finds
where P is the pressure of the superfluid and the prime denotes the derivative with respect to the chemical potential. Lastly, G χ is an effective dark matter-helium coupling with dimension (mass) −2 . In the nonrelativistic limit µ m He and c s 1. It is important to note that, using the fact that dP =n dµ and dP/dn = m He c 2 s , all the couplings above can be written in terms ofn, m He , c s and dc s /dP [21] . The helium sound speed and number density are c s 248 m/s andn 8.5 × 10 22 cm −3 [24] .
The amplitude for the emission of two phonons with energies and momenta (ω 1 , q 1 ) and (ω 2 , q 2 ) is obtained from the two diagrams in Figure 1 , whose matrix elements are [21] 
Here ω = ω 1 + ω 2 and q = q 1 + q 2 are respectively the energy and momentum transferred. Note that neither M a nor the last two terms of M b are present in the amplitude of [15] , while they seem to be included in [16] 3 . Given the different approach followed in [15, 16] , a comparison in terms of diagrams is not straightforward. The presence of diagram (a) is manifest in the EFT, and the additional terms in M b are necessary to ensure that the three-phonon vertex is invariant under the exchange of all momenta, as required by Bose symmetry.
The total rate for the two-phonon emission can be computed as in [21] , i.e.
where θ 12 is the angle between the two outgoing phonons, θ 2 the angle of one of them with respect to the direction of the incoming dark matter, and v χ the dark matter velocity. The function A is given by
Moreover, the integration region R is defined by the conditions −1 ≤ A ≤ 1 and
χ ω are the initial and final dark matter momenta. In this section we also assume that the emission is observed via calorimetric techniques, which can be used if the net energy released is ω ≥ 1 meV [25] .
One should in principle convolute Eq. (4) with a Maxwell-Boltzmann distribution for the dark matter velocity but, for the sake of our arguments, it is enough to just fix the velocity to its most probable value, v χ = 220 km/s. The rate of events per unit target mass is then R = ρχ m Hen mχ Γ, with ρ χ = 0.3 GeV/cm 3 being the dark matter mass density [26] . Finally, the dark matter-proton cross section can be expressed in terms of the effective coupling G χ using [21] 
where A = 4 for 4 He.
As argued in [15, 16] , and as can be seen explicitly from Eq. (5), when the mass of the dark matter particle is brought down to around few keVs, the most relevant kinematical configuration is the one where the two outgoing phonons are almost back-to-back, ω 1 ω 2 and q 1 −q 2 . In this limit M a and the last two terms of M b are precisely the dominant ones, and one might wonder what is the reason for the suppression of the emission rate observed in [15, 16] . Indeed, in this limit,
because of an exact cancellation between the leading order terms in the two matrix elements, intimately related to the expressions of the couplings (2) in terms of the equation of state. This cancellation can be understood as the consequence of integrating out highly off-shell phonons, those for which ω c s q. To show that, let us separate the phonon field in two components, π = π 0 + π 1 , where π 1 only has support on a region with ω c s q, and π 0 everywhere else. In particular, π 0 contains all on-shell phonons 4 . At lowest order in theπ 1 c s |∇π 1 | expansion and in the nonrelativistic limit, the relevant terms arising from the action (1) are
describing the coupling between the dark matter, the onshell phonon and the off-shell one. One can now integrate out the latter. Given the action above, the solution to 4 This procedure is similar to what is typically done in NRQCD [27] .
Pu re ph as e sp ac e α = 1.1 S c h u t z e t a l. 
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Plugging this back into the action (8) one easily shows that the resulting effective operator cancels precisely the last two terms in Eq. (1). This means that the dark matter coupling to two phonons will be of order q 2 /ω 2 , which is small in the limit of small momentum transfer.
As anticipated above, this cancellation causes the total rate to be very suppressed with respect to what expected on the basis of phase space arguments only, as one can see in Figure 2 . We observe that this suppression is only effective when the coupling between the dark matter and the superfluid phonon is exactly proportional to the superfluid density. To further show that, we consider an artificial model in which the dark matter-phonon coupling is
When α = 1 one recovers the in-medium interaction used in [15, 16, 21] . Here n(X) is the number density as a function of the local chemical potential, related to the phonon field by [18, 19, 21 ]
Note that this model is not meant to be a realistic one. It should be regarded as a toy example where the leading order cancellation explained above does not happen. With the interaction in (10) one gets
2 +nn /n, to be compared with those given in (2) . In Figure 2 we show that even a small deviation from a potential exactly proportional to the number density causes a drastic increase in the total rate and, consequently, a much more constraining projection. It is worth investigating to which extent different models of dark matter might predict different couplings with the bulk of 4 He.
Another comment is in order. We notice that the excluded region computed here for the α = 1 case agrees very well with the one reported in [15, 16] , obtained with the standard treatment of superfluid helium and tested on neutron scattering data. Given that our EFT only accounts for low momentum excitations, whereas the standard approach can get to much higher momenta, we conclude that the main contribution to the total rate is due to the phonons. Other collective excitations like maxons or rotons play only a marginal role.
Dark matter mass from angular distributions. We now show that the angular distributions of the final state phonons encode important information about the mass of the dark matter candidate, and could be used to measure it.
To reconstruct such distributions one must be able to detect single phonons, which can in principle be done via the so-called quantum evaporation [25, 28] . In this section we then impose that the energy of each outgoing phonon is larger that the surface binding energy of 4 He, ω i ≥ 0.62 meV 5 . Before studying the angular distributions for the twophonon emission analyzed previously, let us discuss the case of a a single phonon emission [21] . Given the constraint on the minimum energy of a detectable phonon, this process turns out to be only effective for dark matter particles heavier than 1 MeV. Nonetheless, when allowed, its rate is the dominant one, and the angle of the outgoing phonon with respect to the incoming dark matter is completely fixed by kinematics. In particular, it is given by theČherenkov angle:
5 In this range of energies the phonon is stable against the decay into two other phonons [29, 30] . with q being the phonon's momentum. The latter can be deduced from the energy of the evaporated helium atom, while the dark matter velocity and direction are roughly known. It then follows that a measurement of the emission angle could allow to estimate the mass of the dark matter candidate.
As for the two-phonon emission, expression (4) allows to compute the distribution of the energy deposited in the system, ω, as a function of the angle between the two outgoing phonons. In Figure 3 we show it for different values of the dark matter mass. As one can see, this confirms that the lighter the dark matter the more backto-back the outgoing phonons will be. Importantly, the position of the peak could thus provide a measurement of the dark matter mass.
Conclusion.
In this work we studied 4 He as a possible detector of dark matter with mass down to few keVs. From the comparison with what obtained with time honored standard techniques, especially in the low dark matter mass region, we show that the EFT description of the phonon dynamics is impressively successful. Our final results rely only on the equation of state of superfluid helium, and are found to agree with what obtained with methods fitting data on neutron scattering. Being formulated in a quantum field theory language, the EFT allows to describe the phonon's interactions in a transparent and simple way, which can borrow high energy physics expertise and be accessible to non-experts of the microscopic theory of superfluid 4 He. From the EFT we gain an understanding of the mechanism behind the strong suppression of the two-phonon emission rate, proving that it is a consequence of a fine tuned cancellation between different effective operators in the limit of small exchanged momenta.
We proved that this cancellation is only effective if the in-medium potential for the dark matter is precisely proportional to the 4 He number density. Consequently, if the dark matter couples to the 4 He via a different operator, the helium detector could be much more efficient at constraining the dark matter mass and couplings. In fact, while for larger masses, m χ 1 MeV, there are experiments and proposals competitive with the one analyzed here (see for example [1, 31, 32] or, for even larger masses, [33] ), for lower masses the present setup may provide the strongest constraints, without relying on any dark matter-electron coupling.
We also showed that the main contribution to the total rate of events comes from the phonons, which are exactly the degrees of freedom incorporated in EFT description. Moreover, their angular distributions could be used to extract information about the dark matter mass. This is true for the emission of both one and two phonons.
Given the previous considerations, the use of 4 He might play a central role in the future searches for subGeV dark matter, with the EFT providing a new theoretical tool, with a vast spectrum of possible applications.
